A coupled-mode model is developed and applied to the transformation and run-up of dispersive water waves on plane beaches. The present work is based on the consistent coupled-
INTRODUCTION
Wave transformation on beaches along with other important factors, such as wave breaking, set-up and run-up, plays a significant role in the water table formation and groundwater flow, and contributes to the dynamics of the coastal zone. In addition, the onshore evolution of long water waves generated by impulsive geophysical events (tsunamis or tidal waves), and especially, wave runup motions generated by them is important in engineering studies. As noticed by Kanoglou & Synolakis (1998) , runup measurements from post-event field surveys suggest that small-scale local bathymetric features could affect the runup height to the first order (see also Satake et al. 1993 , Yeh et al. 1993 , Synolakis et al. 1995 . To this direction, the development of new mathematical models for the investigation of the effects of wave diffraction (at intermediate water depth, due to variable bathymetry) on the wave characteristics in the plane beach region is a subject of interest, finding important applications. In this case dispersion also plays a significant role.
The interaction of free-surface gravity waves with variable bottom topography in water of intermediate depth and in shallow water is by itself a mathematically difficult problem, for which a broad class of approximation techniques has been developed, see, e.g., Massel (1989) , Dingemans (1997) . Although the non-linear effects become significant as the shoreline is approached, a consistent linear solution is still very useful, providing a great deal of information concerning the wave field and its impact on the nearshore environment; see, e.g., Massel (1989) . In addition, linear theory serves as the starting point for any weakly nonlinear model, it permits the calculation of wave energy dissipation due to bottom friction and wave breaking by an indirect process, and can be used to obtain the forcing terms of the mean-flow equations, Dingemanns (1997) . Thus it can provide valuable information concerning wave-induced set-up, mean flow and its effects on submerged shoals and coral reefs; see, e.g., Massel & Brinkman (2001) .
General numerical methods for the solution of the linearised water-wave problem in variable bathymetry, such as finite element methods, boundary integral equation methods or hybrid techniques are available; see, e.g., Tsai & Yue (1996) , Porter & Porter (2000) . However, the computational cost of these generic techniques is high, rendering them inappropriate, especially for long-range propagation and in three dimensions. Due to this fact, a constantly growing emphasis has been put on the development of wave models which are better suited for long-range propagation applications.
One very attractive family of models is obtained by reformulating the problem as a system of equations on the horizontal plane with variable coefficients. Berkoff (1972) derived an one-equation model for gentle bottom slopes, called the mild-slope equation, in which the vertical distribution of the wave potential has been prescribed. Other derivations of similar or improved one-equation models, using either averaging techniques or variational principles, have been given by various authors; see also the general surveys by Mei (1983) , Massel (1989) , Porter & Chamberlain (1997) and Dingemans (1997) . In general, mild-slope equations can be considered satisfactory for mean bottom slopes up to 1:3 (Booij 1983 , Berkhoff et al. 1982 ) and some of them can also predict the high backscattering due to Bragg resonance, occurring when an undulating component is superimposed on a slowly varying bottom topography.
The basic restriction inherent to any one-equation model is that the vertical structure of the wave field is given by a specific, preselected function. This restriction makes them inappropriate to describe the wave field when the bottom topography is not slowly varying and the depth is sufficiently small so that the wave strongly interacts with the bottom. The improvement of the mild-slope models to match the requirements of this situation calls for a more general representation of the vertical structure of the wave field. Massel (1993) and Porter & Staziker (1995) presented such kind of models, called extended mild-slope equations, in which the vertical profile of the wave potential at any horizontal position is represented by a localmode series involving the propagating and all evanescent modes. Then, using either a Galerkin approach (Massel 1993) or a variational principle (Porter & Staziker 1995) , an infinite set of coupled equations for the unknown amplitudes is obtained, which is called the coupled-mode system. However, this expansion has been found to be inconsistent with the Neumann condition on a sloping bottom, since each of the vertical modes involved in the local-mode series violates it and, thus, the solution, being a linear superposition of modes, behaves the same. This fact has two important consequences.
First, the velocity field in the vicinity of the bottom is poorly represented and, secondly, wave energy is not generally conserved. This problem has been remedied by the consistent coupled-mode theory developed by Athanassoulis & Belibassakis (1999) . In the latter model the standard local-mode representation is enhanced by including an additional term, called the sloping-bottom mode, leading to a consistent coupled-mode system of equations. This model is free of any assumptions concerning the smallness of bottom slope and curvature, and it is consistent since it enables the exact satisfaction of the bottom boundary condition and the calculation of the correct bottom velocities. A key feature of the above coupled-mode technique is that the rate of decay of the modal amplitudes is very fast (see Athanassoulis & Belibassakis 1999) , and thus, only and a small number of modes is sufficient for a very accurate calculation. These facts facilitated its extension to treat wave propagation and diffraction in general three-dimensional environments, Belibassakis et al (2001) , and to predict second-order waves in variable bathymetry, Belibassakis & Athanassoulis (2002) .
In the present work the consistent coupled-mode model is applied to the transformation and run-up of dispersive water waves on uniform plane beach. For simplicity the 2D (vertical) problem corresponding to normally incident waves on a plane beach is considered; see Fig.1 . In contrast to models based on the shallow-water wave equations, the waves approaching the shoreline are assumed to be fully dispersive. Also, it is worth noticing here that the present model, being free of any simplifications concerning the vertical structure of the wave field, extends previous similar works based on (simplified) oneequation models, as, e.g., the one by Massel & Pelinovsky (2001) , which is based on the modified mild-slope equation in conjunction with analytical solution of the linearised shallow water equations.
Numerical results concerning non-breaking waves on plane beaches are presented and compared with exact analytical solutions; see, e.g., Wehausen & Laitone (1960, Sec. 18) . Also, numerical results are presented concerning the run-up of nonbreaking solitary waves on plane beaches and compared with the ones obtained by the solution of the shallow-water wave
Incident wave reflected variable bathymetry region Synolakis (1987) , Li & Raichlen (2002) , and with experimental data, Synolakis (1987) .
FORMULATION OF THE PROBLEM
The marine environment, Fig.1 , consists of a water layer bounded above by the free surface and below by a rigid bottom. It is assumed that the bottom surface exhibits an arbitrary one-dimensional variation, i.e. the bathymetry is characterised by parallel, straight bottom contours lying between two regions of different depth: the deeper water region or region of incidence ( x a > , where the depth is constant and equal to 1 h h = ) and the shallower water region terminated at a plane beach ( x b < ). The depth at the interface between the variable bathymetry region and the plane beach region is
A Cartesian coordinate system { }
, , x y z is introduced, with its origin at the intersection between the plane beach topography and the mean water level, and the z-axis pointing upwards. The liquid domain D is decomposed in three parts 
where H denotes the wedge angle (
The wave field in the region D is excited by a harmonic incident wave, with direction of propagation normal to the depth-contours. In the framework of linearised water wave equations (Wehausen & Laitone 1960 , Mei 1983 , the fluid motion is described by the 2D wave potential ( )
. The wave field (normalized with respect to the amplitude of the incident wave) is represented by
where g is the acceleration due to gravity, 2 / g μ ω = is the frequency parameter, and 1 i = − . The complex wave potential satisfies the Laplace's equation on the vertical plane
the free-surface boundary condition, 2b) and the bottom boundary condition
The above equations are supplemented by the following condition as
where R A denotes the reflection coefficient. The wavenumber
k is obtained as the positive real root of the dispersion relation, formulated at the depth 1 , h ( )
(2.3b)
The free surface elevation is obtained in terms of the wave potential on the free surface as follows
The monochromatic wave propagation-diffraction problem in the variable bathymetry region can be reformulated as a matching boundary value problem on the complex wave potentials
. This is obtained by using the following modal-type representation of the complex wave potential in the constant-depth half strip
Then, the coefficients
, and the
can be obtained as the solution of the following system of equations, 5a) the boundary conditions on the free surface and on the bottom surface
and the matching conditions on the vertical interfaces,
, 
VARIABLE BATHYMETRY REGION
The wave potential
, y z ϕ associated with the propagation/diffraction of water waves in the variable bathymetry region can be very conveniently treated by means of the consistent coupled-mode model developed by Athanassoulis & Belibassakis (1999) . This model is based on the following enhanced local-mode representation of the potential: 
A specific convenient form of the function
however, other choices are also possible; see Athanassoulis & Belibassakis (1999) . By introducing the above expansion in a variational principle, the following coupled-mode system of horizontal equations for the amplitudes of the wave potential is obtained:
< where a prime denotes differentiation with respect to x. The coefficients , , mn mn mn a b c of the coupled-mode system (3.3) are dependent on x through ( ) h x and can be found in Table 1 of Athanassoulis & Belibassakis (1999) . The coupled-mode system (3.3) is supplemented by the following boundary conditions
0, 1, 2,3,.. On the basis of the solution of the coupled-mode system, the reflection coefficient ( R A ) can be calculated as ( & Belibassakis (1999) , and as concerns its application to 3D seabed topographies in Belibassakis et al (2001) .
PLANE BEACH REGION
A convenient treatment of the problem in the plane-beach (wedge) region 
the free-surface boundary condition, ( ) ( ) ( )
The general solution of (4.8) describing the asymptotic behaviour of the wedge potential near the origin is known to be (see, e.g., Massel & Pelinovsky, 2001, Sec. 3.4) ( ) ( ) ( ) 
, and thus the present solution (4.9) is in agreement with the solution of the linearised shallow-water wave equations for a linearly sloping beach, see, e.g. Synolakis (1987) .
The above result (4.9) can be exploited to construct data for the modal amplitudes ( ) In contrast to the application of linearised shallow-water wave equations, the present models (4.4) and (4.6) are fully dispersive and thus, they can be applied to cases corresponding to more steep plane beaches characterized by larger wedge angles and more rapidly increasing depth. Furthermore, in the case of a constant depth half strip ended to a plane beach (i.e., ( )
h h x h = = ), the present model(s) can be used to calculate the amplification factors of plane incident waves at the origin (r=x=0). Then, the latter result can be applied to calculate the run-up of solitary waves and compare with the results obtained by the shallow-water wave equations, Synolakis (1987, Eqs. 3.4-3.7), Li & Raichlen (2002) .
NUMERICAL RESULTS
An example of application is shown in Fig.2 for a wedge characterized by 20% sloping bottom ( tan 0.2 H = ), corresponding to A=B=0.5 (cf. Eq. 4.9). The angular frequency of the incoming wave has been selected to be ω=1.2rad/sec. More specifically, the regular (top) and the singular (bottom) wedge potentials, as calculated by solving the wedge coupled mode system (4.4), are shown in this figure by using equipotential lines. Also, the values of the wave potential on the free-surface (θ=0) are plotted in Fig.2 , which are proportional to the free-surface elevation. The system (4.4) has been numerically solved by truncating the local-mode series representation (4.3a) keeping 5 totally terms (n=0,1,2,3,4), and using a second-order finite difference scheme, based on central differences, to approximate r-derivatives.
We observe in this figure that the wave field is very well resolved and that the equipotential lines (of both the regular part and the singular part) intersect the bottom profile perpendicularly, which is evidence of the consistent satisfaction of the Neumann boundary condition on the sloping bottom.
Another case is presented in Fig. 3 , corresponding to the regular solution in a 45deg wedge, for which an easily computable analytical solution is available; see, e.g., Wehausen & Laitone (1960, Eq.18 .31): The solution by the present method is plotted by using solid lines and the analytical result (5.2) by using crosses, respectively. As we can observe from this figure the agreement between the solution of the coupled-mode system (4.4) and the analytical result is excellent. We can also observe the very fast decay of the modal amplitudes with increasing mode number, justifying the truncation of the local-mode series (4.3), and of the coupled-mode system (4.4), to the first few terms.
For the same wedges of bottom slopes 20% and 100%, in Figs. 4 and 5, respectively, we present a comparison concerning the regular wave potential (A=1, B=0), as calculated by the complete coupled-mode system, Eqs. (4.4), the one-equation wedge model (4.6) and the asymptotic approximation (4.9), that corresponds to the solution of the linearised shallow-water wave equations. We observe in Fig. 4 that the asymptotic result remains valid up to r=5m, where the shallowness ratio (defined with respect to the local characteristic wavelength) becomes Synolakis (1987) . The dots indicate experimental data for this case, also from Synolakis (1987) . The same behaviour is again observed in the case of the 45deg wedge, examined in Fig. 5 . We can observe in this plot that the shallow-water asymptotic approximation (4.9) remains valid up to r=2.3m, where again the shallowness ratio is about / 2.3/23 1/10
However, the present one-equation wedge model (4.6) remains a valid approximation to the complete solution (obtained by the full coupled-mode system) for much larger distance from the apex of the wedge. It predicts correctly the local wavelength for constantly growing depths, up to r=12m (where / 0.4 h λ ≈
) and remains very good even for / 1 h λ > (estimated at r=40m, and corresponding to deep water wave conditions there). The above results indicate that the present one-equation (4.6) models the effects of dispersion in constantly growing depths much better than the linearised shallow-water wave equations. Therefore, it can be used to predict with better accuracy the nearshore and onshore evolution of more complex wave systems, characterized by spectra involving relatively higher-frequency components, corresponding to shorter waves.
For example, in the case of a constant depth half strip ended to a plane beach region (i.e., 
where
The latter is obtained through the dispersion relation (2.3b), formulated at the depth
of the left half strip (x>b). The above result can then be used to calculate the run-up of solitary waves (centered at x=b at t=0): 6) which is obtained on the basis of the linearised shallow-water wave equations. Such a comparison is presented in Fig. 6 , in the case of an 1/19.85 plane beach, where also experimental data are available from Synolakis (1987, Fig3) . The plot concerns the run-up of solitary waves with heights up to the limit / 0.055 Fig. 6 by using a vertical arrow), after which the waves break for this bottom slope. We note here that the breaking limit of solitary waves on plane beaches has also been calculated by Synolakis (1987, Eq. 6 We observe in Fig.6 that the present model provides lower runup predictions than Eq. (5.6) by a factor ~15%. This is considered to be a result of the effects of dispersion, particularly on the higher wavenumber components of the spectrum (5.4b), which is better modeled by the present theory.
A final comparison concerning the maximum run-up of incident solitary waves on plane beaches, as calculated by the present model for various beach slopes and nondimensional solitary wave heights, vs. the predictions by the solution of the non-linear shallow water wave equations (NLSW, Li & Raichlen 2002 ) is presented in Fig.7 . Again, results are presented up to the breaking limit, which is indicated by using a thick dashed line. We observe in this figure that the results by the present linear method are, in general, consistent with the predictions of the NLSW in the whole range of parameters, and especially for lower degree of nonlinearity ( / s H d ).
Based on the above results, future research is planned towards the application of the present model to the detailed examination of the effects of local bathymetric features in the intermediate region
D , where wave diffraction and dispersion play a more significant role, on the onshore wave characteristics and the maximum run-up predictions on plane beaches.
CONCLUSION
A coupled-mode model has been developed and applied to the transformation and run-up of dispersive water waves on plane beaches. The present work is based on the consistent coupledmode theory for the propagation of water waves in variable bathymetry regions, developed by Athanassoulis & Belibassakis (1999) , which is suitably modified to apply to a uniform plane beach. The key feature of the coupled-mode theory is a complete modal-type expansion of the wave potential, containing both propagating and evanescent modes, being able to consistently satisfy the Neumann boundary condition on the sloping bottom. Thus, the present approach extends previous works based on the modified mild-slope equation in conjunction with analytical solution of the linearised shallow water equations. Numerical results concerning non-breaking waves on plane beaches are presented and compared with exact analytical solutions, showing excellent agreement. Also, numerical results are presented concerning the run-up of non-breaking solitary waves on plane beaches and compared with the ones obtained by the solution of the shallow-water wave equations and experimental data, showing good agreement.
